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Abstract
The combined Dyson-Schwinger–Bethe-Salpeter equations are employed at non-zero temperature.
The truncations refer to a rainbow-ladder approximation augmented with an interaction kernel which
facilitates a special temperature dependence. At low temperatures, T → 0, we recover a quark
propagator from the Dyson-Schwinger (gap) equation which delivers, e.g. mass functions B, quark
renormalization wave function A, and two-quark condensate 〈qq¯〉 smoothly interpolating to the T = 0
results, despite the broken O(4) symmetry in the heat bath and discrete Matsubara frequencies.
Besides the Matsubara frequency difference entering the interaction kernel, often a Debye screening
mass term is introduced when extending the T = 0 kernel to non-zero temperatures. At larger
temperatures, however, we are forced to drop this Debye mass in the infra-red part of the longitudinal
interaction kernel to keep the melting of the two-quark condensate in a range consistent with lattice
QCD results. Utilizing that quark propagator for the first few hundred fermion Matsubara frequencies
we evaluate the Bethe-Salpeter vertex function in the pseudo-scalar qq¯ channel for the lowest boson
Matsubara frequencies and find a competition of qq¯ bound states and quasi-free two-quark states at
T = O (100 MeV). This indication of pseudo-scalar meson dissociation below the anticipated QCD
deconfinement temperature calls for an improvement of the approach, which is based on an interaction
adjusted to the meson spectrum at T = 0.
PACS numbers:
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I. INTRODUCTION
The description of mesons as quark-antiquark bound states within the framework of the
Bethe-Salpeter (BS) equation with momentum dependent quark mass functions, determined
by the Dyson-Schwinger (DS equation, is able to explain successfully many spectroscopic data,
such as meson masses [1–5, 7–10], electromagnetic properties of pseudoscalar mesons and their
radial excitations [11–13] and other observables [13–20]. Contrary to purely phenomenological
models, like the quark bag model, such a formalism maintains important features of QCD,
such as dynamical chiral symmetry breaking, dynamical quark dressing, requirements of the
renormalization group theory etc., cf. Ref. [21]. The main ingredients here are the full quark-
gluon vertex function and the dressed gluon propagator, which are entirely determined by the
running coupling and the bare quark mass parameters. In principle, if one were able to solve the
Dyson-Schwinger equations for the quark propagator, the gluon propagator, the quark-gluon
and inter-gluon vertices , supplemented by ghosts if necessary, then the approach would not
depend on any additional parameters. In practice, one restricts oneself to calculations within
effective models which specify the dressed vertex function Γµ (for quark-gluon coupling) and
interaction kernel Dµν (for the gluon propagator). The rainbow-ladder approximation [4] is a
model with rainbow truncation of the vertex function Γµ → γµ in the quark DS equation and a
specification of the dressed quark-quark interaction kernel (for gluon exchanges) as g2Dµν(k)→
G(k2)Dfreeµν (k) within the Landau gauge. (Here, γµ is a Dirac gamma matrix and Dµν stands
for the gluon propagator; g is the coupling strength and k denotes a momentum.)
The model is completely specified once a form is chosen for the effective coupling G(k2).
The ultraviolet behavior is chosen to be that of the QCD running coupling αs(k
2) = g2(k2)/4π
computed within one-loop approximation; the ladder-rainbow truncation then generates the
correct perturbative QCD structure of the DS and BS equations. Moreover, the ladder-rainbow
truncation preserves such an important feature of the theory as the maintenance of the Nambu-
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Goldstone theorem in the chiral limit, according to which the spontaneous chiral symmetry
breaking results in an appearance of a (otherwise absent) scalar term in the quark propagator
of the DS equation. As a consequence, in the BS equation a massless pseudoscalar bound
state should appear. By using the Ward identities, it has been proven (see, e.g. Refs. [22–24])
that, in the chiral limit, the DS equation for the quark propagator and the BS equation for
a massless pseudo-scalar in ladder approximation are completely equivalent. It implies that
such a massless bound state (pion) can be interpreted as a Goldstone boson. This results in
a straightforward understanding of the pion as a Goldstone boson and quark-antiquark bound
state at the same time.
Another important property of the DS and BS equations is that, at zero temperatures, or
equivalently - in vacuum - they are explicitly Poincare´ invariant. This frame-independency of
the approach provides a useful tool in studying processes where a rest frame for mesons cannot
or needs not be defined. A rather different situation is encountered at finite temperatures, where
a particle is embedded in a heat bath. In this case, the propagator of the particle is defined by
two four-vectors, the four-momentum p of the particle and a unit four-vector u characterizing
the heat bath itself [25–27]. The scalar parts of the propagator then depend on p2 and (up). An
existence of the statistical thermal factor exp(−H/T ), H being the QCD hamiltonian, implies
the choice of the unit vector u as u = (0, 1), i.e. the heat bath at rest [25]. As a consequence,
the O(4) symmetry of equations is lost and only the spatial translation invariance is maintained.
This requires a separate treatment of the transversal and longitudinal, with respect to the heat
bath, parts of the kernel with the need of additional functions in parametrizing the quark
propagators and the BS vertex functions.
In quantum field theory, a system at finite temperature can be described within the
imaginary-time formalism, which uses the Matsubara frequancies [28, 31, 32]. Due to finiteness
of the heat bath temperature T and the requirements of periodicity (bosons) or antiperiodicity
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(fermions) of the considered fields [29–32], the Fourier transform to Euclidean momentum space
becomes discrete in the time direction, resulting in a discrete spectrum of the energy, known as
the Matsubara frequencies. Consequently, the interaction kernel and the DS and BS solutions
must become also discrete with respect to these frequencies. It is worth mentioning that there
is no straight forward connection of the obtained solutions in the discrete Euclidean space to
the corresponding continuum quantities in Minkowski space [33–35]. In particular, within the
Matsubara formalism one can define the mass of the bound state in different ways in depen-
dence of the choice of the total momentum P = (P, iΩN); at N = 0 one defines the so-called
screening mass, which has no direct relation with the usual inertial mass. At |P| 6= 0 and
N 6= 0 the corresponding pole mass P 2 = −M2 is also discrete and hitherto it is note clearly
established how to relate it to the inertial mass. In principle, at each particular choice of P one
can define a quark correlator and try to define the inertial mass by computing the momentum
Fourier transforms and the resulting spatial integral of the correlator (analogue of the 2-points
Schwinger functions, see e.g. [36]) and by taking the time derivative of the logarithm of the
obtained expression, see also [33–35, 37, 38]. Evidently, such a procedure requires knowledge of
the pole mass for all, or at least for a large enough number of Matsubara frequencies. It is worth
mentioning that a growing interest nowadays is in approaches based on real-time calculations of
quark and gluon propagators and their spectral functions within the functional renormalization
group [39–41]. These approaches also require analytical continuation of the propagators from
Euclidean to Minkowski spaces.
In the present paper, we calculate the pole masses of pseudo-scalar quark-antiquark bound-
states only for the few first Matsubara frequencies and investigate their dependence on tem-
perature in a large interval, including the ”dissociation region”. We anticipate that the main
peculiarities of masses computed at some particular Matsubara frequencies will reflect the gen-
eral T dependence of the inertial masses at high temperatures. We treat the bound states
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within the BS formalism within the same approach as the one used in solving the DS equation,
i.e. with the rainbow truncation and AWW interaction kernel [19]. Recall that the merit of the
approach is that, once the effective parameters are fixed (usually the effective parameters of the
kernel are chosen, cf. Refs. [42, 43], to reproduce the known ”experimental” data from lattice
calculations, such as the quark mass function and/or quark condensate, the whole spectrum of
known mesons is supposed to be described, on the same footing, including also excited states.
The achieved amazingly good description of the mass spectrum with only few effective param-
eters encourages one to employ the same approximations to the DS and BS equations also at
finite temperatures with the hope that, once an adequate description of the quark propagators
at non-zero temperature is accomplished, the corresponding solution can be implemented into
the BS equation for mesons to investigate the meson properties in hot matter.
At low temperatures, the properties of hadrons in nuclear matter are expected to change
in comparison with the vacuum ones, however, the main quantum numbers, such as spin and
orbital momenta, space and inner parities etc. are maintained. The hot environment may
modify the hadron masses, life times (decay constants) etc. Contrarily, at sufficiently large
temperature in hot and dense strongly interacting matter, (phase) transitions may occur, related
to quark deconfinement phenomena, as e.g. dissociation of hadrons into quark-gluon degrees
of freedom. Therefore, this temperature region is of great interest, both from a theoretical and
experimental point of view. So far, the truncated DS and BS formalism has been mostly used
at large temperatures to investigate the critical phenomena near and above the pseudo-critical
and (phase) transition values predicted by lattice simulation data (cf. Refs. [44–47]). It has
been found that, in order to achieve an agreement of the model results with lattice data, a
modification of the vacuum interaction kernel is required. First of all it has been observed
that modifications of the (pure phenomenological, nonperturbative) infra-red (IR) term by
including the T dependence of the perturbative Debye mass results in an essential suppression
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of the longitudinal interaction kernel at large temperatures [47, 48]. As a consequence, the
predicted critical temperatures Tc of chiral symmetry restoration in the chiral limit and also
the critical temperatures for the maximum of chiral susceptibility, as well as of inflection point
of the mass function or of the quark condensate, are much smaller, by about 50%, than that
expected from the lattice calculations. It became evident that modifications of the IR term
at large temperatures are necessary. Namely, the IR term has to vanish abruptly in this
region and to be replaced by another phenomenological kernel. For instance, it has been
suggested [44, 49] to employ a kernel with a Heavyside step-like behaviour in the vicinity of
the (pseudo-) critical temperature Tc. Then, it becomes possible to achieve a rather reliable
description of such quantities as the quark spectral function, plasmino modes, thermal masses
etc., see also Ref. [50]. However, a use of such a discontinuously modified interaction in the BS
equation in the whole temperature range becomes hindered.
Another strategy of solving the DS equation in a larger interval of temperatures is to utilize
directly the available results of nonperturbative lattice QCD (LQCD) calculations to fit, point
by point, the interaction kernel at given temperatures. In such a way one achieves a good
description of the quark mass function and condensate for different temperatures, including the
region beyond Tc [51, 52]. The success of such approaches demonstrates that the rainbow ap-
proximation to the DS equation with a proper choice of the interaction kernel is quite adequate
in understanding the properties of quarks in a hot environment. Nevertheless, for systematic
studies of quarks and hadrons within the BS equation, on needs a smooth parametrization of
the kernel in the whole interval of the considered temperatures. In view of still scarce LQCD
data, such a direct parametrization from ”experimental” data is problematic. An alternative
method is to solve simultaneously a (truncated) set of Dyson-Schwinger equations for the quark
and gluon propagators within some additional approximations [53]. This approach also pro-
vides good description of the quark mass function and condensate in vicinity of Tc, however it
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becomes too cumbersome in attempts to solve the BS equation, since in this case one should
solve a too large system of equations. It should also be noted that there are other investigations
of the quark propagator within the rainbow truncated DS equation, which employ solely the
vacuum parameters in calculations of T dependencies of quarks [48] without further attempts
to accommodate to LQCD results in the kernel. As a result one finds that the critical behaviour
of the propagators (e.g. chiral symmetry restoration) starts at temperatures much smaller than
the ones expected from LQCD.
In the present paper we are interested in a qualitative study of the masses of quark-antiquark
bound states at moderate and large temperatures. Particular attention is paid to the region
where the bound state mass becomes larger than the sum of two masses of free quarks. This
temperature range probably indicates a dissociation of the ground bound state and existence of
only highly excited correlations. For such a qualitative analysis we employ the simplest version
of the kernel which consists of only the infra-red term of the Maris-Tandy [4] kernel, known
also as the Alkofer-Watson-Weigel [19] kernel, referred to as the AWW model. For further
kernels cf. [4, 48, 49, 54–56], in particular to symmetry preserving issues and going beyond the
rainbow-ladder approximation. As mentioned above, including of the Debye mass in this term
results in too low values of the critical temperatures, and a proper modification is needed. For
this sake, in the present paper we ignore the Debye mass which allows to obtain solutions of the
DS equation with characteristics close to that of lattice calculations. However, for completeness
we also present some results of calculations with accounting of the Debye mass too. We start
with the AWW interaction kernel, known at T = 0 to provide a good description of the mass
spectrum of scalar, pseudo-scalar, vector and tensor mesons. Then we extend the DS and BS
equations to finite temperatures and solve the corresponding equations in a large interval of T
and Matsubara frequencies. Results of calculations are compared with masses of free quarks.
Our paper is organized as follows. In Sec. II, we recall the truncated Dyson-Schwinger (tDS)
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and truncated Bethe-Salpeter (tBS) equations in vacuum and at finite temperatures. The
rainbow approximation for the DS equation kernel in vacuum is introduced and the system of
equations for the quark propagator is solved.
Numerical solutions for the quark propagator at finite bare quark masses are discussed
in Sec. III, where the inflection points of the quark condensate and the mass function are
considered as a definition of the pseudo-critical temperature Tc. It is shown that, for finite
quark masses, the inflection method determines the pseudo critical temperatures by ∼ 50%
smaller than the ones obtained by other approaches, e.g. by LQCD calculations. It is found
that, by merely ignoring the Debye mass in the infra-red term, it becomes possible to reconcile
the model and lattice QCD results; the such obtained values of Tc ∼ 135 MeV is only by
about 10 − 15% smaller then the lattice results (reported, e.g. in Refs. [52, 57]). In Sec. IV
we generalize the tBS equation to finite temperature by exploring the same procedure as that
used in generalizing the tDS equation to finite T . As already mentioned, due to the breaking
of the O(4) symmetry, the tBS equation cannot be longer considered for mesons at rest. The
total momentum P 2 = −M2qq is replaced as P (0, iMqq) → P (P, iE), where now the energy E
becomes discrete and depends on the Matsubara frequency ΩN = 2πNT . In dependence of the
chosen components of the total momentum P , one can define at least three different ground
state masses: (i) the thermal mass at P = 0,M2 = (2πN)2T 2, (ii) the imaginary screening mass
at zero Matsubara frequency n = 0, P2 = −M2 and (iii) the pole mass M2 = (2πN)2T 2 −P2.
In principle, these masses are not obligatorily the same at given temperature T , as discussed
in Refs. [33–35, 38], for instance. In the present paper, we consider the pole masses which at
given temperature and Matsubara frequency are continuous functions of the three momentum
P2.
Summary and conclusions are collected in Sec. VII.
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II. BASIC FORMULAE
A. Truncated Dyson-Schwinger and Bethe-Salpeter equations in vacuum
To determine the bound-state mass of a quark-antiquark pair one needs to solve the DS and
the homogeneous BS equations, which in the rainbow ladder approximation and in Euclidean
space read
S−1(p) = S−10 (p) +
4
3
∫
d4k
(2π)4
[
g2Dµν(p− k)
]
γµS(k)γν , (1)
Γ(P, p) = −
4
3
∫
d4k
(2π)4
γµS(η1P + k)Γ(P, k)S(−η2P + k))γν
[
g2Dµν(p− k)
]
, (2)
where η1 and η2 = 1 − η1 are the partitioning parameters defining the quark momenta as
p1,2 = k ± η1,2P with P , p and k denoting the total and relative momenta of the bound
system, respectively;1 Γ(P, k) stands for the tBS vertex function being a 4 × 4 matrix,
S0(p) = (iγ · p +m)
−1 and S(p) = (iγ · pA(p) +B(p))−1 are the propagators of bare and
dressed quarks, respectively, with mass parameter m and the dressing functions A(p) and
B(p). At zero temperature the above equations are O(4) invariant and the propagator func-
tions A(p) and B(p) depend solely on p2 = p2 + p24. The total momentum P = (0, iMqq¯),
for a particle at rest, is an external parameter for (2); the momenta of individual quarks
are p21,2 = −M
2
qq¯/4 + k
2 ± iMqqk4, where the Euclidean components k and k4 of the rela-
tive momentum are defined as k2 = k2 + k24 which, for the BS equation, are the integra-
tion variables. In order to reduce the four-dimensional integral to a two-dimensional one,
usually the phase space volume is parametrized by the Euclidean modulus k, a hyperan-
gle χk defined as |k| = k sinχk, k4 = k cosχk and by the standard angular space volume
dΩk. Then the tBS vertex functions Γ(P, k) are decomposed over the hyperspherical harmon-
ics basis which allow to carry out the spacial angular integration analytically (see for details
1 Usually, for quarks of masses m1,2 the partitioning parameters are chosen as η1,2 = m1,2/(m1 +m2). How-
ever, in general, the tBS solution is independent of the choice of η1,2.
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Refs. [5, 6, 14]). The resulting tBS equation represents a system of two-dimensional integral
equations, where the vectors p1,2 vary in a restricted complex domain located within parabolas
p21,2 = −M
2
qq¯/4+k
2± iMqq¯k cosχk. In Euclidean space the Dirac matrices γ4 = γ0,γE = −iγM
are Hermitian and obey the anti-commutation relation {γµ, γν} = 2δµ,ν ; for the four-product
one has (a · b) = ab + a4b4 . The masses Mqq¯ of mesons as bound states of a m1-quark and
m2-antiquark follow from the solution of the tBS equation at P
2 = −M2qq¯ in specific J
PC chan-
nels, with the solution of the tDS equation (1) as input into the calculations in Eq. (2). The
interaction between quarks in the pair is encoded in g2Dµν , imagined as gluon exchange. For
consistency, the same interaction is to be employed in the tDS equation (1) for the inverse
dressed quark propagator.
Often, the coupled equations of the quark propagator S, the gluon propagator Dµν and the
quark-gluon vertex function Γµ (not to be confused with the BS vertex function Γ(P, p)), all
with full dressing (and, if needed, supplemented by ghosts and their respective vertices), are
considered as an integral formulation being equivalent to QCD. In practice, due to numerical
problems, the finding of the exact solution of the system of coupled equations for S−Dµν −Γµ
can hardly be accomplished and therefore some approximations [8, 20, 21] are appropriate.
Being interested in dealing with mesons as quark-antiquark bound states of the BS equation
(2), one has to provide the quark propagator which depends on the gluon propagator and
vertex as well, which in turn depend on the quark propagator. Leaving a detailed discussion
of the variety of approaches in dressing of the gluon propagator and vertex function in DS
equations (see e.g. Refs. [58, 59] and references therein quoted) we mention only that in solv-
ing the DS equation for the quark propagator one usually employs truncations of the exact
interactions and replaces the gluon propagator combined with the vertex function by an ef-
fective interaction kernel [g2Dµν ]. This leads to the tDS equation for the quark propagator
which may be referred to as the gap equation. In explorative calculations, the choice of the
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form of the effective interaction is inspired by results from calculations of Feynman diagrams
within pQCD maintaining requirements of symmetry and asymptotic behaviour already imple-
mented, cf. Refs. [8, 13, 21, 59]. The results of such calculations, even in the simple case of
accounting only for one-loop diagrams with proper regularization and renormalization proce-
dures, are rather cumbersome for further use in numerical calculations, e.g. in the framework
of BS or Faddeev equations. Consequently, for practical purposes, the wanted exact results
are replaced by suitable parametrizations of the vertex and the gluon propagator. Often, one
employs an approximation which corresponds to one-loop calculations of diagrams with the full
vertex function Γν , substituted by the free one, Γν(p, k)→ γν (we suppress the color structure
and account cumulatively for the strong coupling later on). To emphasize the replacement of
combined gluon propagator and vertex (in the Landau gauge) we use the notation [g2Dµν ],
where an additional power of g from the second undressed vertex is included.
B. Choosing an interaction kernel
Note that the nonperturbative behaviour of the kernel [g2Dµν ] at small momenta, i.e. in the
infra-red (IR) region, nowadays is not uniquely determined and, consequently, suitable models
are needed. There are several ansa¨tze in the literature for the IR kernel, which can be formally
classified in the two groups: (i) the IR part is parametrized by two terms - a delta distribution
at zero momenta and an exponential, i.e. Gaussian term, and (ii) only the Gaussian term is
considered. In principle, the IR term must be supplemented by a ultraviolet (UV) one, which
assures the correct asymptotics at large momenta. A detailed investigation [10, 60] of the
interplay of these two terms has shown that, for bound states, the IR part is dominant for light
(u, d and s) quarks with a decreasing role for heavier (c and b) quark masses for which the UV
part may be quite important in forming mesons with masses Mqq¯ > 3−4 GeV as bound states.
In the vacuum, if one is interested in an analysis of light mesons with Mqq¯ ≤ 3 − 4 GeV, the
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UV term can be omitted.
Following examples in the literature [4, 8, 12, 13, 15, 19] the interaction kernel in the rainbow
approximation in the Landau gauge is chosen as
g2(k2)Dµν(k
2) =
(
DIR(k
2) +DUV (k
2)
)(
δµν −
kµkν
k2
)
,
DIR(k
2) =
4π2Dk2
ω6
e−k
2/ω2 , DUV (k
2) =
8π2γmF (k
2)
ln
[
τ +
(
1 + k
2
Λ2
QCD
)2] , (3)
where the first term originates from the effective IR part of the interaction determined by soft,
non-perturbative effects, while the second one ensures the correct UV asymptotic behaviour of
the QCD running coupling, F (k2) = {1 − exp(−k2/[4m2t ])}/k
2 with mt as an adjustable pa-
rameter, mt ≃ 0.5 GeV, and τ = e
2−1, ΛQCD = 0.234 GeV, and γm = 12/(33−2Nf) for Nf as
active flavors. In what follows we restrict ourselves to the simplest version of the model, namely
with the interaction kernel where the UV term (the effect of which is found [60] to be negligibly
small) is ignored at all. As said above, this interaction is the Alkofer-Watson-Weigel [19] kernel.
A prominent feature of such an interaction is that, with only a few adjustable parameters - D,
ω in the IR term and quark mass parameter m in the bare quark propagator S0 - it provides a
good description of the pseudoscalar, vector and tensor meson mass spectra [5, 7, 9, 10] at zero
temperature. It should be noted that, despite the negligible contribution, the inclusion of the
UV term in the numerical calculations causes additional uncertainties, related to the divergency
of the integrals and with requirements of regularization and subtraction procedures [52]. There-
fore, at finite temperatures a tempting choice of the interaction is to keep the AWW kernel the
same as in vacuum. Notice also that, even at zero temperatures, the tBS equation becomes
rather complicate for numerical solutions since it involves the quark propagator functions in the
complex Euclidean space, where they can (actually they do) exhibit pole-like singularities. A
rather detailed analysis of solving the tBS equation in vacuum in presence of poles has been re-
ported in Ref. [5]. Reiterate that, within the rainbow approximation, the Euclidean P4 = iMqq¯
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is an external parameter in the tBS equation, while k4 is an integration variable.
C. Finite temperatures
The theoretical treatment of systems at non-zero temperatures differs from the case of zero
temperatures. In this case, a preferred frame is determined by the local rest system of the
thermal bath. This means that the O(4) symmetry is broken and, consequently, the dependence
of the quark propagator on p and p4 requires a separate treatment. To describe the propagator
in this case a third function C is needed, besides the functions A and B introduced above for
vacuum. Yet, the theoretical formulation of the field theory at finite temperatures can be
performed in at least two, quite different, frameworks which treat fields either with ordinary
time variable t (−∞ < t < ∞), e.g. the termo-field dynamics (cf. [61]) and path-integral
formalism (cf. [62, 63]), or with imaginary time it = τ (0 < τ < 1/T ) which is known as the
Matsubara formalism [28, 31, 32, 65]. In this paper we utilize the imaginary-time formalism
within which the partition function is defined and all calculations are performed in Euclidean
space. Since, due to the Kubo-Martin-Schwinger condition [29–31, 64] for equilibrium systems,
the (imaginary) time evolution is restricted to the interval [0 . . . 1/T ], the quark fields become
anti-periodic in time with the period 1/T . In such a case, the Fourier transform is not longer
continuous and the energies p4 of particles become discrete [28, 31, 32] which are known as the
Matsubara frequencies, i.e. p4 = ωn = πT (2n + 1) for Fermions (n ∈ Z). The inverse quark
propagator is now parametrized as
S−1(p, ωn) = iγpA(p
2, ω2n) + iγ4p4C(p
2, ω2n) +B(p
2, ω2n). (4)
Accordingly, the interaction kernel is decomposed in to a transversal and longitudinal part
[g2Dµν(k,Ωmn)] = P
T
µνD
T (k,Ωmn, 0) + P
L
µνD
L(k,Ωmn, mg), (5)
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where Ωmn = ωm−ωn and the gluon Debye screening mass mg is introduced in the longitudinal
part of the propagator, where k2 = k2+Ω2mn+m
2
g enters. The Debye mass describes perturba-
tively the screening of chromoelectric fields at large temperatures, therefore it is relevant for the
perturbative UV term in the limit of quark-gluon plasma where the light-quark bound states
do not longer exists, and the system ie to be described by quark and gluon degrees of greedom.
As for the nonperturbative pure phenomenological IR term, it is not a priory clear whether the
Debye mass has to be implemented in the IR term or not. We consider both possibilities, with
and without the Debye mass in the AWW model.
The scalar coefficients DL,T are defined below. The projection operators PL,Tµν can be written
as
PTµν =


0, µ, ν = 4,
δαβ −
kαkβ
k2
; µ, ν = α, β = 1, 2, 3,
PLµν = δµν −
kµkν
k2
−PTµν . (6)
By using the Feynman rules for finite temperatures, see e.g. Ref. [31, 37], it can be shown that
the gap equation has the same form as in case of T = 0, Eq. (1), except that within the Mat-
subara formalism the integration over k4 is replaced by the summation over the corresponding
frequencies, formally
∫
d4k
(2π)4
−→ T
∞∑
n=−∞
∫
d3k
(2π)3
. (7)
The explicit form of the system of equations for A,B and C to be solved can be found in
Refs. [47, 52].
The form of the interaction kernel is taken the same as at T = 0, except that at finite T the
Debye mass can modify the definitions of the four momenta. The information on these kernels
is even more sparse than in the case of T = 0. While the effective parameters of the kernel
in vacuum can be adjusted to some known experimental data, e.g. the meson mass spectrum
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from the BS equation, at finite temperature one can rely on results of QCD calculations, e.g.
by using results of the nonperturbative lattice calculations. There are some indications, cf. [66],
that at low temperatures the gluon propagator is insensitive to the temperature impact, and
the interaction can be chosen as at T = 0 with DT = DL [44]. However, in a hot and/or dense
medium the gluon is also subject to medium effects and thereby acquires modes with with finite
transversal (known also as the Meissner mass) and longitudinal (Debye or electric) masses.
Generally, these masses appear as independent parameters with contributions depending on
the considered process [67]. In practice, the perturbative expressions are employed. The role of
the Meissner masses in the tDS equation at zero chemical potential is not yet well established
and requires separate investigations. This is beyond the goal of the present paper where only
the role of Debye mass in the solution of the tDS equation, mg, is analysed for the IR term.
In most approaches based on the tDS equation within the rainbow approximation, it is also
common practice to ignore the effects of Meissner masses. This is inspired by the results of a
tDS equation analysis in the high temperature and density region [68] which indicate that the
Meissner mass is of no importance in tDS equation. At this level, the Matsubara frequencies
and the Debye mass are the only T depending part of the kernel. The Debye mass is well
defined in the weak-coupling regime. In [51, 69–71] it was found that in the leading order
m2g = αs
π
3
[2Nc +Nf ]T
2, (8)
where Nc = 3 and Nf denote the number of active color and flavor degrees of freedom, respec-
tively; the running coupling αs in the one-loop approximation is
αs(E) ≡
g2(E)
4π
= f(E)
12π
11Nc − 2Nf
(9)
with E being the energy scale. For the temperature range considered in the present paper we
adopt f(E)→ 2, which is an often employed choice for the Debye mass in the tDS equation [51,
69–71]. For Nf = 4 equation (8) results in the Debye mass m
2
g = 16π
2T 2/5, which is commonly
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used in literature [34, 47, 71]. It should be noted, however, that such a choice of f(E) is
not unique. It may vary in some interval, in dependence on the employed method of infrared
regularization [31, 70]. Since the Debye mass enters as an additional energy parameter in
k2 = k2+Ω2mn+m
2
g, which determines the Gaussian form of the longitudinal part of the AWW
kernel (3), an increase of m2g results in a shift of the tDS solution towards lower temperatures
leaving, at the same time, the shape of the solution practically unchanged.
The transversal and longitudinal parts of the interaction kernel (5) can be cast in the form
DT (k,Ωmn, 0) = DIR(k
2 + Ω2mn), (10)
DL(k,Ωmn, mg) = DIR(k
2 + Ω2mn +m
2
g). (11)
In the present paper we use the parameters of the AWW model for the interaction kernel
ω = 0.5 GeV, D = 1 GeV2, ml = mu,d = 5 MeV, ms = 115 MeV. Recall that the AWW model
provides values for the vacuum quark condensate in a narrow corridor, −〈qq¯〉0 = [(0.244−0.251)
GeV]3, and the correct mass spectra for pseudo-scalar, vector and tensor mesons as quark-
antiquark bound states [2, 10, 72].
III. SOLUTION OF THE tDS EQUATION
As mentioned above, the AWW model retains only the IR term in the interaction kernel.
Thus, it allows to avoid the logarithmic divergency of the integrals originating from the UV
term and additional uncertainties related to different schemes adopted for regularization and
subtraction procedures, see discussions in Refs. [3, 47, 52, 74]. Despite the fact that, without
the UV term within the AWW model all the relevant integrals in tDS and tBS equations are
convergent, further calculations involving the solution A,B,C of tDS can encounter divergences
(not directly connected with the interaction kernel) which have to be properly regularized and
subtracted. Such a situation occurs in calculations of the quark condensate which, by definition,
17
is quadratically divergent. For instance, at T = 0 and mq 6= 0,
〈qq¯〉0 = −
1
8π2
∫
p3 B(p2)
p2A2(p2) +B2(p2)
dp, (12)
where p2 = p2+p24. At large p
2 the asymptotic solution of the tDS equation becomes A(p2)→ 1,
B(p2) → mq and the integral (12) is manifestly quadratically divergent. The same situation
occurs at finite temperatures. Usually the quark condensate is regularized by subtracting
at large momenta the asymptotic quark mass mq and defining the regularized (subtracted)
condensate as (see, Ref. [47])
〈qq¯〉l0 −
ml
mh
〈qq¯〉h0 = 〈qq¯〉
l
ren. −
ml
mh
〈qq¯〉hren., (13)
where ml and mh denote the mass of light, e.g. u, d, and heavy, e.g. s, quarks, respectively.
Exactly the same procedure is applied to determine the quark condensate at finite T , see also
Ref. [51]. The remaining multiplicative divergences can be removed by normalizing to quark
condensate at zero temperature.
We solve numerically the tDS equation for the functions A, B and C by an iteration proce-
dure. The summation over ωn is truncated at a sufficiently large value of n = Nmax, where in
our calculations Nmax ∼ 200 for low temperatures andNmax ∼ 64 for temperatures T > 80−100
MeV are utilized. The integration over the momentum |k| is replaced by a Gaussian integral
sum, with the Gaussian mesh of NG = 96 points. In Fig. 1 we present the solutions for A and
B at the lowest Matsubara drequency n = 0 as functions of the three-momentum modulus |k|
with and without taking into account the Debye mass.
From this figure one infers that the effect of the Debye mass is rather large at low and
moderate values of the momentum |k|. Since for the AWW kernel (3) the Debye mass en-
ters as a Gaussian exponential factor in the longitudinal part of the integral, i.e.
∫
d|k|... ∼
exp(−m2g/ω
2)
∫
d|k|..., the effect increases with increasing temperature, resulting in a consider-
able suppression of the solution at large T . To analyse the role of the Debye mass we solved the
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FIG. 1: The solutions A(|k|, ω0) (left panel) and B(|k|, ω0) (right panel) of the tDS equation for the
AWW interaction kernel for the light-quark mass ml = 5 MeV and the lowest Matsubara frequency
ω0 = piT at T = 85 MeV with (dashed curves) and without (solid curves) Debye mass.
tDS equation also in a large interval of T with and without the Debye mass. Notice that, since
the solution of the tDS is not an observable, one does not have experimental quantities to be
compared with. Instead, one can try to reconcile the model calculations with results of ”exact”
LQCD data. Suitable quantities of the tDS equation which can be related to corresponding
quantities from LQCD are, e.g. the dependencies on temperature of the mass function B and
the quark condensate 〈qq¯〉.
Results of such calculations are presented in Fig. 2, where we exhibit the mass function
B, which can be considered as mass parameter according to the decomposition (4), at zeroth
momentum |k| = 0 and zero Matsubara frequency ω0 = πT and the regularized condensate 〈qq¯〉
(12, 13) normalized at T = 0. It is seen from the figure that the solutions of the mass function
and the quark condensate, calculated with and without the Debye mass taken into account,
are essentially different at large temperatures. As expected, including the Debye mass shifts
the results to lower temperatures. To compare the model results with LQCD results we use
the method of the maximum of the chiral susceptibility, i.e. the maxima of the derivatives of
B and/or 〈qq¯〉 with respect to the quark bare mass, as well as the inflection point of the mass
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FIG. 2: The solutions B(|k| = 0, ω0 = piT ) for the lowest Matsubara frequency n = 0 and |p| = 0
(left panel) and reqularized quark condensate 〈qq¯〉/〈qq¯〉0 (right panel) for the light-quark mass ml = 5
MeV as functions of temperature T with Debye mass (dashed curves) and without the Debye mass
(solid curves) taken into account. The vertical arrows indicate the respective position of the inflection
point for the corresponding quantity.
function or of the condensate, i.e. the maxima of the corresponding derivatives with respect to
the temperature [51]:
χB(T ) =
d2B(0, ω0)
dT 2
; χqq¯(T ) =
d2〈qq¯〉
dT 2
. (14)
The (pseudo-) critical temperature Tc is fixed by the condition χB(T )|T=Tc = 0 and/or
χqq¯(T )|T=Tc = 0, see Fig. 3.
Figures 2 and 3 clearly demonstrate that the inflection points at finite quark bare masses
provide much smaller (pseudo-) critical temperatures Tc if the Debye mass is taken into account.
For the AWW model, one has Tc ∼ O(100) MeV, cf. also Ref. [48]. Without the Debye mass in
the IR term, the positions of the inflection points occur at Tc ∼ O(130− 135) MeV, for both,
the solution B and the regularized quark condensate. This pseudo-critical temperature is quite
close to that obtained in LQCD calculations [52, 57] which report Tc ∼ O(145−155) MeV. This
implies that, for a better agreement with the lattice results, the model interaction kernel must
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FIG. 3: The inflection points (second derivative with respect to temperature) for the mass function
B(|k| = 0, piT ) (left panel) and for the normalized quark condensate, Eq. (14) (right panel), as exhib-
ited in Fig. 2. The arrow positions correspond to the pseudo-critical temperatures Tc ∼ O(100) MeV
for the AWW with Debye mass included and Tc ∼ O(132) MeV without the Debye mass, respectively.
not contain the Debye mass. Recall that, for the AWW model the Debye mass enters in the
longitudinal interaction kernel exponentially, ∝ exp(−16π2T 2/ω2), hence sizably suppresses
the solution B at large T . This is a hint that, generally in models based on the rainbow
approximation, the Debye mass has to be taken into account only in the perturbative part of
the interaction, e.g. in the UV term. Note that in the literature there are also other attempts
to modify the interaction kernel and to introduce a suitable tuned additional T dependence at
large T [44]. In what follows in solving the tBS equation for qq¯ bound states in most calculations
we ignore the Debye mass. However, for illustration of the effects ofmg, we present some results
where the solution of the tDS contains mg as well.
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IV. tBS EQUATION AT FINITE TEMPERATURES
A. Partial decomposition of the BS vertex function
In the present paper we focus on the tBS equation for pseudo-scalar states. Prior an analysis
of the tBS equation at finite temperature, we briefly recall the calculations at T = 0. The O(4)
symmetric solution of Eq. (2) in Minkowski space for the pseudo-scalar mesons can be written
in the form (cf. Refs. [19, 73]
Γ(P, p) = [F1 + (pP )F2pˆ+ F3Pˆ + F4(pˆPˆ − Pˆ pˆ)]γ5, (15)
where the scalar vertex functions Fi are functions on p
2 solely. In (15) the notation pˆ = pµγµ
and Pˆ = P µγµ is adopted. It has been found that the contribution of the last term in Eq. (15),
proportional to the tensor matrix σµν = i[γµ, γν ]/2, is negligibly small [5, 38] and, for the
qualitative analysis we are interested in the present paper, can be safely omitted. Then, at
T = 0, there remain only three components in the BS vertex.
To extend the equation to finite temperatures one has to take into account the broken O(4)
symmetry which requires separate consideration of space-like and time-like products of four
vectors. Consequently, the first three terms in Eq. (15) transform into six components:
Γ(P, q) ≡ Γ˜(P, q)γ5 =
1
2
[
A1 + A2P0γ0 − A3(q˜p˜)q0γ0 −A4q0P0 ˆ˜q + A5(q˜p˜)ˆ˜q − A6 ˆ˜p
]
γ5, (16)
where the scalar functions Ai depend separately on (P0, q0) and (|P|, |q|). The unit vectors
q˜ and p˜ in (16) are purely spatial, i.e. q˜ = (0,q/|q|) and p˜ = (0,P/|P|). If one considers
only the zeroth Matsubara frequency for the four-vector P , P = (0,P), the decomposition (16)
reduces to the one used before for calculations of screening masses [71]. To pass to Euclidean
space, recall that for a meson at rest at T = 0 the four product (Pq) transforms as (P0q0)M →
−(P4q4)E = −iMqq¯q4, where q4 is the integration variable in the BS equation. Within the
rainbow approximation, the interaction kernel does not depend on the total momentum P .
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Therefore, in the tBS equation, P4 plays the role of an external parameter which defines the
pole of the two-particle Green function, P 24 = −M
2
qq¯. If the two-particle system is not at rest
then P 24 + P
2 = (iE)2 + P2 = −M2qq¯, where E is the total energy of the meson. At finite
temperatures the Feynman rules in Euclidean space [31] result in the same formal procedure
for the tBS equation as the one used in deriving the tDS equation, i.e. formally, the relative
momentum becomes discrete, q = (q, q4)→ qn = (q, ωn) and the integration over q4 is replaced
by summation over the Matsubara frequencies ωn, cf. Eq. (7). The total energy of the meson
becomes also discrete, iE → iEN = iΩN = 2πiNT , where ΩN is the Matsubara frequency for
bosons, with N ∈ Z. Then the BS equation in Euclidean space reads
Γ˜(PN , pn) =
4
3
T
∑
m
∫
d3q
(2π)3
γµS
(+)(1)Γ˜(PN , qm)S˜
(−)(2)γνDµν(κmn), (17)
where Γ˜ is defined by Eq. (16), κmn = (p − q, ωn − ωm) and S˜
(−)(2) = γ5S
(−)(2)γ5. Corre-
spondingly, the quark propagators S(+)(1) and S˜(−)(2) are
S(+)(1) = i~γ · (P/2 + q)σV (1)− iγ4 · (P4/2 + q4) σC(1) + σS(1), (18)
S˜(−)(2) = i~γ · (P/2− q) σV (2) + iγ4 · (P4/2− q4)σC(2) + σS(2), (19)
where σV,C,S are defined by the solution of the tDS equation at the same temperature T ,
σV,(C,S)(1, 2) =
A(q1,2, ωm1,2), (C(q1,2, ωm1,2), B(q1,2, ωm1,2))
q2A2(q1,2, ωm1,2) + ω
2
m1,2
C2(q1,2, ωm1,2) +B
2(q1,2, ωm1,2)
. (20)
B. Angular integration
As seen in Eqs. (17)-(20) the tBS equation implicitly depends on three spatial solid angles,
(θP, ϕP), (θq, ϕq) and (θp, ϕp). The dependence on (θq, ϕq) and (θp, ϕp) follows from the in-
teraction kernel D (κ2 = (p− q)2 + (ωm − ωn)
2), which consists of two parts, D1(κ
2) ∼ e−κ
2/ω2
and D2 = κ
2/ω2D1(κ
2)) ≡ ακ2 exp(−ακ2). The dependence on (θP, ϕP) and also on (θq, ϕq)
comes from the propagator functions σF1(1) and σF2(2). The angular parts of D1 and D2 of the
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kernel can be handled by decomposing them over the spherical harmonics Ylm(q) and Y
∗
lm(p)
as
D1(κ
2) ≡ e−κ
2/ω2 = e−[(ωn−ωm)
2+(|q|−|p|)2]/ω24π
∑
lm
f
(s)
l (2|q||p|/ω
2)Ylm(q)Y
∗
lm(p) (21)
where the coefficients f
(s)
l (2|q||p|/ω
2) (here ω2 denotes the slope parameter of the AWW kernel,
not to be confused with a Matsubara frequency ωn) are proportional to the scaled spherical
Bessel functions of the first kind, In(x),
f
(s)
l (x) =
√
π
2x
e−xIl+ 1
2
(x), (22)
with x ≡ (2|q||p|/ω2). The second part of the kernel can be inferred from Eq. (22) by observing
that D2(ακ
2) = −α dD1(ακ
2)
dα
, where α = 1/ω2.
The angular dependence on (θP, ϕP) and (θq, ϕq), which comes from the propagator func-
tions, is more involved. Since σF (1, 2) are numerical solutions of the tDS equation, an analytical
expression for the decomposition over the corresponding spherical harmonics is lacking. Nev-
ertheless, we decompose the product of two propagator functions σF1(1) and σF2(2) as
σF1(p1)σF2(p2) =
∑
L
σF1F2L (ωn,ΩN , |q|, |P|)
∑
M
YLM (P)Y
∗
LM(q), (23)
where p1,2 = q±
1
2
P , and the coefficients σF1F2L (ωn,ΩN , |k|, |P|) have to be computed numerically
from the solution of the tDS equation
σF1F2L (ωn,ΩN , |q|, |P|) = 2π
∫
d(cos θPq)σF1(p1)σF2(p2)PL(cos θPq). (24)
In the expressions above, PL(cos θPq) are the Legendre polynoms; the superscripts F1F2
denote the decomposition of diagonal F1F2 = V V, SS, CC and non-diagonal products
V S, SV, V C, CV, CS, SC of the propagator functions, respectively. Now we are in a position
to reduce the tBS equation to a system of linear algebraic equation and solve it numerically.
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V. NUMERICAL METHODS
Equation (17) is a 4×4 matrix in the Dirac spinor space. To find the corresponding equations
for the partial components Ai(i = 1 . . . 6) we consecutively multiply the l.h.s. and r.h.s. of the
equation by the matrices
G˜1 =
1
2
Iˆ , G˜2 =
1
2
γ4,
G˜3 = i
1
2
~γp
|p|
, G˜4 = i
1
2
~γP
|P|
(25)
and compute the corresponding traces and find the integral equations of the partial components
Ai as a system of three-dimensional integral equations with an infinite summation over the
Matsubara frequencies. Prior to the analytical angular integration, we solve the tDS numerically
to find the coefficients σF1F2L (ωn,ΩN , |q|, |P|) also numerically. Then we use the decomposition
(21) for the interaction kernel and integrate analytically the resulting expressions. Note that
additional angular dependencies emerge also from the traces which, together with (21) and (23),
make the final expression rather cumbersome. It may contain products of up to four spherical
harmonics for each solid angle of the three-vectors q, p and P, e.g. products of the form
∑
ii,mi
(· · · )Yl1m1(q)Yl2m2(q)Y
∗
l3m3(q)Y
∗
l4m4(q), cf. Eqs. (21)-(23). The analytical integration
results in a more cumbersome expression which contains a series of products of 3j-, 6j- and
9j-symbols to be summed up over all limi for each vector q, p and P. Calculations can be
essentially simplified if one uses packages for analytical calculation. We employ the Maple
packages to calculate traces and to manipulate the Racah symbols [75] to perform explicitly
the summation over all quantum numbers. The remaining integration over the momentum |q|
is calculated by discretizing the integral with a Gaussian mesh. The interval for |q| = [0,∞] is
truncated by a sufficiently large value of |q|max = O(10− 15) GeV. To re-arrange the Gaussian
nodes closer to the origin |q| ∼ 0 we apply an appropriate mapping of the mesh by changing
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the variables as
y = x0
1 + x
1− x
(26)
with x0 chosen to assure |q| = |q|max at the last Gaussian node. In our calculations we use
Gaussian meshes with NG = 36 and NG = 48 points, respectively. Eventually, the resulting
system of linear equations reads schematically
X = SX, (27)
where the vector
XT =
(
[{An1 (qi)}
NG
i=1]
Mmax
n=1 , [{A
n
2 (qi)}
NG
i=1]
Mmax
n=1 , . . . , [{A
n
6 (qi)}
NG
i=1]
Mmax
n=1
)
, (28)
for a given Matsubara frequency ΩN and given value of |P|, represents the sought solution in
the form of a group of sets of partial wave components Anα(qi), specified on the integration mesh
of the order NG and the maximum Mmax for the Matsubara frequencies ωn. In our calculations
we use Mmax = 25 − 30, which is quite sufficient for summations over ωn within the AWW
model with only the Gaussian-like IR term. Then the matrix S is of dimension NS×NS , where
NS = α×Mmax×NG with α = 6. Since the system (27) is homogeneous, the eigenvalue solution
is obtained from the condition ∆ = det(S − I) = 0. At fixed T and Matsubara frequency N ,
only the free external parameter remains as the three-vector of the two-quark system |P|. The
zeros of the determinant of S − 1 are sought by changing |P| from a minimal value |P| ∼ 0
to a maximum value |P| = 2πNT . More details about the numerical algorithm of solving the
BS equation have been reported in Refs. [5, 6]. Note that, with the adopted truncations for
the Matsubarra summation and the employed Gaussian meshes, the resulting dimension of the
determinant is rather large, NS ∼ 5000− 8000. Consequently, calculations of the elements and
the determinant itself are lengthy and require some computer time. To increase the computer
efficiency in solving the tDS equation and in computing the matrix elements of the matrix S we
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use parallel computations on a PC farm within the MPI (Message Passing Interface) standard
package with a large enough amount of cores (∼ 250− 300). The efficiency of such calculations
is directly proportional to the number of cores used in parallel. A more involved situation
occurs for the determinant ∆. A straightforward use of parallel computation is hindered by the
fact that, if one employs the pivoting in the Gaussian elimination method, the communication
time among processors increases rapidly with an increase of number of processors and could
be even larger than the calculations with a single core. We developed a method of computing
determinants in parallel with an optimization of the computing and communication time in
such a way that, in our case of large dimensions, the total time can be reduced by a factor of
10− 20. The corresponding algorithm and the employed code will be reported elsewhere.
VI. RESULTS
We solve the tBS equation for pseudo-scalar ground states for two values of the Matsubara
frequency N = 1 and N = 2. At given temperature and Matsubara frequency the possible
value of the pole mass is restricted to the interval 4π2N2T 2 < M2qq¯ ≤ 0 which corresponds to
0 < |P|2 < 4π2N2T 2. The maximum value of the pole mass corresponds to the limit of thermal
mass, i.e. |P| → 0. For the lowest Matsubara frequency, N = 1, this limit can occur already
at T ∼ 100 MeV, which implies that the solution of tBS at large temperatures approaches
the thermal limit |P| → 0. In most of our calculations, the Debye mass has been omitted.
Results of calculations for the ground state pseudo-scalar pole masses are presented in Fig. 4
for the Matsubara frequencies N = 1 (solid curve) and N = 2 (dashed curve) as functions
of temperature. In both cases, the mass rapidly increases with increasing temperature, and
already at T ≥ 100 MeV (for N = 1) and T ≥ 80 MeV (for N = 2) becomes larger than
the maximum value of the mass of two quasi-free quarks at the same value of T . This is
demonstrated in Fig. 4, where the mass of two quarks, defined as the solution of tDS equation,
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M2q = 2B(0, ω0)/A(0, ω0), is presented by the dotted curve.
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FIG. 4: The solution of the tBS equation with the AWW kernel without the Debye mass for pseudo-
scalar mesons for the Matsubara frequency N = 1, solid curve and N = 2, dashed curve. The
dotted line represents the maximum value of the two quasi-free quark masses as the solution of
the tDS equation for the Matshubara frequency with n = 0 and zero three momentum |k| = 0,
Mq ≡ B(0, ω0)/A(0, ω0), mu = 5 MeV and the AWW slope parameter ω
2 = 1 GeV2.
For temperatures, where Mqq¯ > M2q, the bound ground state, in the ”canonical” sense,
does not exists or can be considered as unstable against the dissociation into two correlated
quasi-free quarks.
Now we focus on the case of large temperatures for the solution with Matsubara frequency
N = 1. As mentioned above, the maximum value of the pole mass is limited by the thermal
mass at P = 0, i.e. Mqq¯ → 2πNT . In Fig. 5, we present an illustration of such a limit,
where the real and imaginary parts of the determinant ∆ are depicted as a function of Mqq¯
at two values of the temperature, T = 110 MeV and T = 120 MeV. It can be seen that the
determinant converges to zero, i.e. to the solution of the tBS equation, exactly in the region
of the corresponding thermal mass. In Fig. 5, this is depicted by two vertical arrows. Note
that, at large values of T and for N = 1, we have not found solutions of the tBS equation with
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smaller pole masses.
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FIG. 5: An illustration of the approach of the pole mass solution to the thermal mass 2piT at
large temperatures for the Matsubara frequency with N = 1. The real and imaginary parts of the
determinant ∆ at T = 110 MeV are depicted by solid and dashed curves, respectively. The real and
imaginary parts at T = 120 MeV correspond to dotted and dot-dashed lines. The arrows point to the
limit |P| = 0, i.e. the thermal mass limit.
We investigate now also the influence the Debye mass on the bound states for N = 1. For
this we consider the tBS equation with the solution of tDS equation with Debye mass taken
into account. Results are exhibited in Fig. 6, where the solid curve denotes the pole mass
without the Debye mass, cf. Fig. 4, and the dashed curve illustrates the effect of the Debye
mass. As expected, at low temperatures, where mg is small, the two solutions are practically
the same. At intermediate values of T , the interaction kernel is more compact, hence it leads to
larger values of the masses. At larger temperatures both solutions approach the thermal mass
limit, see Fig. 5. For completeness, in Fig. 6 we also present the values of two quasi-free quark
masses M2q ≡ 2B(0, ω0)/A(0, ω0), as solutions of tDS equation with Debye mass (dot-dashed
curve) and without Debye mass (dotted curve). It is seen that with Debye mass taken into
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account the pole mass becomes larger than the two free masses at already T ∼ 90 MeV, i.e.
the dissociation occurs at lower temperatures. This is in agreement with the behaviour of the
inflection points χB of the mass solution B and χqq¯ of the quark condensate 〈qq¯〉, cf. Fig. 3.
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FIG. 6: Comparison of the tBS solution for the Matsubara frequency with N = 1 with (dashed curve)
and without (solid curve) taking into account the Debye mass in the tDS equation. The dash-dotted
and dotted curves represent the sum of masses Mq ≡ B(0, ω0)/A(0, ω0) of two free quarks obtained
from the solution of the tDS equation, also with and without the Debye mass, respectively.
VII. SUMMARY
We have investigated the solution of the truncated Dyson-Schwinger (tDS) equation at
finite temperature within the rainbow approximation by employing the Alkofer-Watson-Weigel
(AWW) model which consists only of the infra-red term in a more complex interaction kernel.
The solution of the tDS equation is a prerequisite for a consistent solution of the truncated
Bethe-Salpeter (tBS) equation for quark-antiquark bound states at finite temperature within
the same approximation. The ultimate goal is to use the tBS equations, for an analysis of
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the behaviour of hadrons in hot matter, including possible (phase) transitions and dissociation
effects. For this goal we investigate to what extent the model, which provides a fairly good
description of ground-state mesons at zero temperatures, can be applied to the truncated tDS
equation at finite temperatures. We find that a direct inclusion of the Debye mass in the
interaction kernel results in a too low value of the pseudo-critical temperature Tc, defined as
the inflection point of the mass function B(0, ω0) or/and of the normalized quark condensate
〈qq¯〉, being by O(50%) smaller than the ones found in lattice QCD calculations. Since in the
considered model at a given temperature T , the Debye massmg enters into the longitudinal part
of the interaction as a (constant) Gaussian exponential factor ∝ exp(−16π2T 2/5ω2), it makes
problematic the attempts of obtaining larger values of the QCD deconfinement temperature Tc
close to the lattice values. We argue that, since the Debye mass mg is essentially a perturbative
quantity, it has to be taken into account in the perturbative ultra-violet term to maintain a
correct behaviour at large momenta, while in the nonperturbative infra-red term it can be
omitted at all. We find that by omitting the Debye mass mg one is able to obtain critical
temperatures closer (smaller by only 10-15%) to that from lattice 2 + 1 flavour QCD. To
achieve a better agreement with lattice data the IR term requires further meticulous analyse
of the tDS equation at finite temperatures which will be done elsewhere.
As in the case of zero temperature, T = 0, we consider the tBS equation within the rainbow
approximation with the quark propagators entering the tBS equation found preliminarily as
solutions of the tDS equation at the same temperature. In our calculations, we restrict the
boson Matsubara frequency ΩN = 2πNT to N = 1 and N = 2. Larger values of N provide
large values ofMqq¯ (N > 2), far above masses of known lightest pseudo-scalar mesons. For each
Matsubara frequency ΩN , the ground state mass M
2
qq¯ = 4π
2N2T 2 − P2 is defined as the first
(lowest) zero of the corresponding determinant as a function of |P|. Such a mass is referred to
as the Matsubara pole mass.
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For both frequencies ΩN , N = 1 and N = 2, we find that the pole masses rapidly increase
with increase of temperature. This is in agreement with the behaviour of the screening masses
at large temperatures reported in literature, see e.g. Refs. [35, 71]. It has been found that,
for the lowest Matsubara frequency, where N = 1, a solution of the tBS equation at large
temperatures, T > 110 MeV, can be found only in the limit of thermal masses, i.e. at |P| → 0.
We analyse the behaviour of the pole masses as a function of temperature with respect to
the T dependence of the masses of free quarks obtained from the tDS equation. At large
values of T , T > 100 MeV, the pole masses become larger than the sum of two quarks. This
implies that at large T the ground state of two quark does not occur in the sense as commonly
adopted in quantum mechanics where the binding energy is negative. This can be interpreted as
dissociation instability of the state against a fragmentation into a state of two quasi-free quarks.
The Matsubara pole masses do not have a direct relation to the inertial masses, however, one
can expect that the obtained behaviour of the pole masses follow the same tendency as the
inertial masses at the same temperature.
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